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Chapter 3 Random Variables 
and Processes 

3.1. Random Variables
Consider an experiment with outcomes defined by a certain sample space.

The rule or functional relationship that maps each point in this sample space
into a real number is called a random variable. Random variables are desig-
nated by capital letters (e.g., ), and a particular value of a random vari-
able is denoted by a lowercase letter (e.g., ). 

The Cumulative Distribution Function (cdf) associated with the random
variable  is denoted as  and is interpreted as the total probability that
the random variable  is less than or equal to the value . More precisely,

(3.1)

The probability that the random variable  is in the interval  is then
given by 

(3.2)

The probability that a random variable  has values in the interval  is

(3.3)

It is often practical to describe a random variable by the derivative of its cdf,
which is called the Probability Density Function (pdf). The pdf of the random
variable is

(3.4)
or, equivalently,
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142      Radar Signal Analysis and Processing Using MATLAB

(3.5)

The cdf has the following properties:

(3.6)

Define the  moment for the random variable  as

(3.7)

The first moment, , is called the mean value, while the second moment,
, is called the mean squared value. When the random variable 

represents an electrical signal across a  resistor, then  is the DC com-
ponent, and  is the total average power.

The  central moment is defined as

(3.8)

and, thus, the first central moment is zero. The second central moment is called
the variance and is denoted by the symbol ,

(3.9)

In practice, the random nature of an electrical signal may need to be
described by more than one random variable. In this case, the joint cdf and pdf
functions need to be considered. The joint cdf and pdf for the two random vari-
ables  and  are, respectively, defined by

(3.10)

(3.11)

The marginal cdfs are obtained as follows:
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Random Variables 143

(3.12)

If the two random variables are statistically independent, then the joint cdfs and
pdfs are, respectively, given by

(3.13)

(3.14)

Let us now consider a case when the two random variables  and  are
mapped into two new variables  and  through some transformations 
and  defined by

(3.15)

The joint pdf, , may be computed based on the invariance of proba-
bility under the transformation. One must first compute the matrix of deriva-
tives; then the new joint pdf is computed as

(3.16)

(3.17)

where the determinant of the matrix of derivatives  is called the Jacobian.
The characteristic function for the random variable  is defined as

(3.18)

The characteristic function can be used to compute the pdf for a sum of inde-
pendent random variables. More precisely, let the random variable  be

(3.19)

where  is a set of independent random variables. It can be
shown that
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144      Radar Signal Analysis and Processing Using MATLAB

(3.20)

and the pdf  is computed as the inverse Fourier transform of  (with
the sign of  reversed):

(3.21)

The characteristic function may also be used to compute the  moment for
the random variable  as

(3.22)

3.2.  Multivariate Gaussian Random Vector
Consider a joint probability for  random variables, . These

variables can be represented as components of an  random column vec-
tor, . More precisely,

(3.23)

where the superscript  indicates the transpose operation. The joint pdf for the
vector  is

(3.24)

The mean vector is defined as

(3.25)

and the covariance is an  matrix given by

(3.26)

Note that if the elements of the vector  are independent, then the covariance
matrix is a diagonal matrix. 

A random vector  is multivariate Gaussian if its pdf is of the form

(3.27)
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Multivariate Gaussian Random Vector 145

where  is the mean vector,  is the covariance matrix,  is inverse of
the covariance matrix and  is its determinant, and  is of dimension . If

1 is a  matrix of rank , then the random vector  is a k-vari-
ate Gaussian vector with

(3.28)

(3.29)

The characteristic function for a multivariate Gaussian pdf is defined by

(3.30)

Then the moments for the joint distribution can be obtained by partial differen-
tiation. For example,

(3.31)

Example:

The vector  is a 4-variate Gaussian with

and

Define

Find the distribution of  and the distribution of

1. Note that matrices are denoted by italicized upper case bold face letters, while vec-
tors are denoted by lower and upper regular (not italicized) letters.
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146      Radar Signal Analysis and Processing Using MATLAB

Solution:

 has a bivariate Gaussian distribution with

The vector  can be expressed as

It follows that

A special case of Eq. (3.29) is when the matrix  is given by

(3.32)

It follows that  is a sum of random variables , that is

(3.33)

The finding in Eq. (3.33) leads to the conclusion that the linear sum of Gauss-
ian variables is also a Gaussian variable with mean and variance given by

(3.34)
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Multivariate Gaussian Random Vector 147

(3.35)

and if the variables  are independent then Eq.(3.35) reduces to

(3.36)

finally, in this case, the probability density function  is given by (which
can also be derived from Eq. (3.20))

(3.37)

where  indicates convolution.

3.2.1. Complex Multivariate Gaussian Random Vector

Consider the complex vector random variable 

(3.38)

where  and  are real random multivariate Gaussian random vectors. The
joint pdf for the complex random vector  is computed from the joint pdf of
the two real vectors. The mean for the vector  is

(3.39)

The covariance matrix is also defined by

(3.40)

where the operator  indicates complex conjugate transpose.

The pdf for the vector  is

(3.41)

with the following three conditions holding true

(3.42)

(3.43)
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148      Radar Signal Analysis and Processing Using MATLAB

(3.44)

3.3. Rayleigh Random Variables
 Let  and  be zero mean independent Gaussian random variables with

zero mean and variance . Define two new random variables  and  as

(3.45)

The joint pdf of the two random variables  is

(3.46)

The joint pdf for the two random variables  is given by

(3.47)

where  is a matrix of derivatives defined by

(3.48)

The determinant of the matrix of derivatives is called the Jacobian, and in this
case it is equal to

(3.49)

Substituting Eqs. (3.46) and (3.49) into Eq. (3.47) and collecting terms yield

(3.50)

The pdf for  alone is obtained by integrating Eq. (3.50) over 
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The Chi-Square Random Variables 149

(3.51)

where the integral inside Eq. (3.51) is equal to ; thus, 

(3.52)

The pdf described in Eq. (3.52) is referred to as a Rayleigh probability density
function.

The density function for the random variable  is obtained from

(3.53)

substituting Eq. (3.50) into Eq. (3.53) and performing integration by parts
yields 

(3.54)

which is a uniform probability density function. 

3.4. The Chi-Square Random Variables

3.4.1. Central Chi-Square Random Variable with N Degrees of 
Freedom

Let the random variables  be zero mean, statistically inde-
pendent Gaussian random variable with unity variance. The variable

(3.55)

is called a central chi-square random variable with  degrees of freedom. The
chi-square pdf is 

(3.56)
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150      Radar Signal Analysis and Processing Using MATLAB

where the Gamma function is define as

(3.57)

with the following recursion

(3.58)

and

(3.59)

The mean and variance for the central chi-square are, respectively given by

(3.60)

(3.61)

Hence, the degrees of freedom  is the ratio of twice the squared mean to the
variance

(3.62)

3.4.2. Noncentral Chi-Square Random Variable with N Degrees of 
Freedom

In the general case, the chi-square random variable requires that the Gauss-
ian random variables  do not have zero means. Define a multi-
variate random variable  such that

(3.63)

Consider the random variable

(3.64)

the variable  is called the noncentral chi-square random variable with 
degrees of freedom and with a noncentral parameter , where
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Random Processes 151

(3.65)

The noncentral chi-square pdf is

(3.66)

where  is the modified Bessel function (or occasionally called the hyperbolic
Bessel function) of the first kind; and the subscripts is referred to as its order.

3.5. Random Processes
A random variable  is by definition a mapping of all possible outcomes of

a random experiment to numbers. When the random variable becomes a func-
tion of both the outcomes of the experiment time, it is called a random process
and is denoted by . Thus, one can view a random process as an ensemble
of time-domain functions that are the outcome of a certain random experiment,
as compared with single real numbers in the case of a random variable.

Since the cdf and pdf of a random process are time dependent, we will denote
them as  and , respectively. The  moment for the random
process  is 

(3.67)

A random process  is referred to as stationary to order one if all its sta-
tistical properties do not change with time. Consequently, ,
where  is a constant. A random process  is called stationary to order two
(or wide-sense stationary) if

(3.68)

for all  and . 

Define the statistical autocorrelation function for the random process 
as

(3.69)
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152      Radar Signal Analysis and Processing Using MATLAB

The correlation  is, in general, a function of . As a con-
sequence of the wide-sense stationary definition, the autocorrelation function
depends on the time difference , rather than on absolute time; and
thus, for a wide-sense stationary process we have

(3.70)

If the time average and time correlation functions are equal to the statistical
average and statistical correlation functions, the random process is referred to
as an ergodic random process. The following is true for an ergodic process:

(3.71)

(3.72)

The covariance of two random processes  and  is defined by

(3.73)

which can also be written as

(3.74)

3.6. Bandpass Gaussian Random Process
It is customary to define the bandpass Gaussian random process through its

complex envelope as

(3.75)

where both  and  are lowpass Gaussian random processes with
zero mean and variance . The pdf for a sample  of the complex enve-
lope is the joint pdf for  and . That is,

(3.76)

Now, if both lowpass processes do not have zero mean and instead have a
mean defined by

E X t1 X t2 t1 t2

t2 t1–=

E X t X=

X E X t X t +=

1
T
--- x t td

T 2–

T 2

T
lim E X t X= =

1
T
--- x t x t + td

T 2–

T 2

T
lim X=

X t Y t

CXY t t + E X t E X t– Y t + E Y t +–=

CXY t t + XY XY–=

X̃ t XI t jXQ t+=

XI t XQ t
2 X̃ t0

XI t XQ t

fX̃ x̃ t0
1

2 2
------------ xI

2 t0 xQ
2 t0+

2 2
-----------------------------------–exp 1

2 2
------------ x̃ t0

2

2 2
-----------------–exp= =

chapter3.fm  Page 152  Monday, May 19, 2008  7:00 PM

© 2009 by Taylor & Francis Group, LLC



Bandpass Gaussian Random Process 153

(3.77)

the mean complex envelope is 

   (3.78)

It follows that Eq. (3.76) can be rewritten as

(3.79)

Consider a duration of the process than spans the interval . Then this
segment of the complex envelope of the random process can be represented
using a complex random variable vector of at least  elements where

 is the bandwidth of the process. Define

(3.80)

(3.81)

By definition the covariance matrix  is

(3.82)

where

(3.83)

(3.84)

Therefore, the pdf for the segment  is

(3.85)

3.6.1. The Envelope of a Bandpass Gaussian Process

Consider the pdf of a segment of the envelope of a bandpass Gaussian ran-
dom process. This process can expressed as
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(3.86)

where  and  are zero mean independent lowpass Gaussian pro-
cesses. The envelope and phase are respectively denoted by  and ,
where

(3.87)

and

(3.88)

where

(3.89)

The two processes  and  are also independent, and their respective
pdfs were derived in Section 3.3 and were given in Eqs. (3.52) and (3.54),
respectively. 

Problems
3.1. Suppose you want to determine an unknown DC voltage  in the
presence of additive white Gaussian noise  of zero mean and variance .
The measured signal is . An estimate of  is computed by
making three independent measurements of  and computing the arithmetic
mean, . (a) Find the mean and variance of the random
variable . (b) Does the estimate of  get better by using ten measure-
ments instead of three? Why?
3.2. Assume the  and  miss distances of darts thrown at a bulls-eye dart
board are Gaussian with zero mean and variance . (a) Determine the proba-
bility that a dart will fall between  and . (b) Determine the radius of
a circle about the bull’s-eye that contains 80% of the darts thrown. (c) Consider
a square with side  in the first quadrant of the board. Determine  so that the
probability that a dart will fall within the square is 0.07.
3.3. (a) A random voltage  has an exponential distribution function

, where . The expected value
. Determine . Consider the network shown in figure

below, where  is a random voltage with zero mean and autocorrelation
function . Find the power spectrum . What is
the transfer function? Find the power spectrum .
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3.4. Let  be the PSD function for the stationary random process
. Compute an expression for the PSD function of

 .

3.5. Let  be a random variable with

(a) Determine the characteristic function . (b) Using , validate
that  is a proper pdf. (c) Use  to determine the first two moments
of . (d) Calculate the variance of .

3.6. Let the random variable  be written in terms of two other random
variables  and  as follows: . Find the mean and variance for
the new random variable in terms of the other two. 
3.7. Suppose you have the following sequences of statistically independent
Gaussian random variables with zero means and variances . if 

 and . 

Define . Find an expression that  exceeds a threshold value .

3.8. Repeat the previous problem when two single delay line cancellers are
cascaded to produce a double delay line canceller.Let  be a stationary ran-
dom process,  and the autocorrelation .

Define a new random variola  as 

Compute  and .
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156      Radar Signal Analysis and Processing Using MATLAB

3.9. Consider the single delay line canceller in the figure below. The input
 is a wide sense stationary random process with variance  and mean 

and a covariance matrix . Find the mean and variance and the autocorrela-
tion function of the output .

x t x
2

x

y t

delay T +

-
x t y t
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