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Abstract

We establish sufficient conditions for the regularity of solutions of
the Navier-Stokes system based on one component of the velocity. It
is proved that if uz € L{L!, with

2 3 15
< —
s r 22

and 22/5 < r < oo, then the solution is regular.
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1 Introduction and Main Result

We consider the following Cauchy problem for the incompressible Naiver-
Stokes equations in R? x (0,7):

%—i—u-Vu—Au—l—Vp:O,
div u =0, (1.1)
u(z,0) = ug(x).

where u = (uy(x,t),us(x,t),us(x,t)) is the velocity field, p(x,t) is a scalar

pressure, and wug(x) with div uy = 0 in distributional sense is the initial
velocity field.



The study of the incompressible Navier-Stokes equations in three space
dimensions has a long histroy(see [2, 9]). In the fundamental work [6] and
(3], Leray and Hopf proved the existence of its weak solutions u(z,t) €
L>(0,T; L*(R?)) N L*(0,T; H'(R?)) for given initial data ug(x) € L*(R3).
But the uniqueness and regularity of the Leray-Hopf weak solutions are still
big open problems. In [7], Scheffer began to study the partial regularity
theory of the Navier-Stokes equations. Deeper results were obtained by
Caffarelli-Kohn and Nirenberg in [1]. Further results can be found in [10]
and references therein.

On the other hand, the regularity of a given weak solution u can be shown
under additional conditions. In 1962, Serrin[8] proved that if u is a Leray-
Hopf weak solution belonging to L% = L*(0,T; L"(R3)) with 2/s + 3/r <
1,2 < s < 00,3 < r < o0, then the solution u(z,t) € C*(R* x (0,7)).
From then on, there are many criterion results added on u, Vu, one or two
components of these, the pressure(see [11] and reference therein). Here L*"
is defined by

’u|s,r = ||ul

1/s
Lsr = { <fOT |U|f‘(7_)d7_> s if 1 S s < 00,

esssupg<, <7|ul-(7), if s = oo.

where

r 1/r .
(1) =l (r) = { U ) e) P i1 <7 <o
esssup,eps|u(x, 7)],  if r = oo.

The point is that |uy|s, = |u|s, holds for all A > 0 if and only if 2/s +
3/r = 1, where uy(x,t) = Mu(Ax, A\2t), pa(z,t) = XN2p(Az, A\*t) and if (u,p)
solves the Navier-Stokes equations, then so does (uy,p,) for all A > 0 (See
the dimensions table in [1]). Usually we say that the norm |uls, has the
scaling dimension zero for 2/s + 3/r = 1.

In this paper, we shall improve these and other known one-component
regularity result. Our main result is

Theorem 1.1. Let u be a Leary-Hopf weak solution of (1.1) with data
up € H'(R?), and uz € L*" with

2 n 3 < 15 22
s r— 22 5
then u is reqular in [0,T).

Remark 1.1. [t improves the result in [{] which says that if ug € L>"
with
) 24
S ga — <r S oo
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then w is reqular in (0,T). However our proof is based on his method but
more involved, using Holder inequality and Young inequality freely to avoid
technical computations and exhaust all possibilities.

Remark 1.2. Since 15/22 < 1, our result is not optimal in the sense of
dimensional analysis. And it is remarked by Zhou in [11] that it is indeed a
challenging problem to show regqularity by adding Serrin’s condition on only
one velocity component. The key point is that one should lower the sum of
powers in the convective terms from 3 to less than 2. But only the terms with
us ( or perhaps Vu ) are possible.

We will use the following two results.

Lemma 1.1. /5] Assume that u = (u1, uz,u3) € H*(R3) is smooth and
divergence free, then

2 2
1
E /uiainAhUj = 5 E /@uja,-uj@gu;g—/81u182uQ83u3+/ 81UQaQU183U3

i,j=1 4,j=1
where N\, = 03 + 03, = 0%/0x% + 9% /0x3 is the two dimensional Laplacian.

Lemma 1.2. [11] Assume u € L% and Vu € L*? on [0,T), then u €
L% with 2/a+ 3/b > 3/2,2 < b < 6. Moreover,

3/b—1/2 3/2—3/b
[ulap < C(p, g, T)|ul2% | Vulyy ™

In this paper, unless otherwise stated, we shall denote by C' a generic
constant depending only on the initial data,|Vuls2(¢;) ( ¢; defined below ),
and may differ from line to line, and ¢ a sufficient small constant which may
differ by some power. Also, we will use Holder inequality, Young inequality
freely, sometimes without explanation. The reader may keep in mind that
{a,b},{c,d},{p, q} are Holder conjugates, 6,0, € [0, 1].

2 Proof of Theorem 1.1

First note that as ug € H'(R?), there is possibly a short time interval (0, 7*)
such that there exists a strong solution to (1.1) such that u € C*°((0,7*) x
R3). Denote by 7* the supremum of of all such T, and assume 7* < T'. In
what follows we will show that |Vu|s(f) remains bounded independently of
t — T*. The standard extension argument leads to contradiction.

We fix € > 0 sufficiently small and t; < 7* such that

T T*
/ lug|idr < e, / |Vul3dr < e

t1 t1
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(therefore we need s < o0). We take to € (t1,7*) arbitrary and our aim

is to show that |Vuls(ta) < C, here C may depend on the data, |usl,s and

|Vula(t1), but is independent of ¢5. Passing with ¢, to 7* we get the result.
We will work with

J(tg) = |th|0072 + |Vth|272

L(ts) = |03t oo2 + |V O5ul22
K () = [ L% + [Vuilys

00,2
where Vj, = (01, 02),up = (ug, us).
Here and thereafter the integral is over (t,ts) X R?.
As a matter of fact, we need to show that

J(t2) + L(tz) < const < 0o

uniformly in 5.
To this aim, we shall in the subsections below, estimate the terms men-
tioned above. For convenience, we denote by

15

) = —
07 99

and write J, K, L for J(t3), K(ts), L(ty) respectively.

21 J<Celh+C
Multiply (1.1) by —A,u and integrate over (t1,%,) x R?, we obtain

2 t 2 t
|th|2( 2) + |vvhu|§’2 — |vhu|2( 1) + //u . VU . Ahu

2 2
v 2t 2 3 2
= % + // [Z ujajuiAhui -+ Z UjajU:),AhU?) + Z u333uz-Ahu,~
1,5=1 7=1 i=1
Vhul3(t
= L%%Q+L+b+h (2.1)



We will estimate the J;’s differently.

2
Jl = // Z u]@juiAhui

,j=1

1
= // |:563U3aiuj‘8iu]‘ — 83U381U182u2 + 83U381U282U/1
= // [u38§lu]@u] + U3a§1u182u2 + U381U18§3U2]

+// [— 305, u20aur — U301 u203yu |

C|u3|s,7‘ | vhu|25/(s—2),21”/(1ﬂ—2) |vvhu|2,2
CeJ?,

IA A

3
JQ = //Z’L@@j’dgﬂfﬂbg
j=1
3 2
= //ZZ —8kuj8ju38ku3

7=1 k=1

// [8]2kuju;;8ku;; + 3kuju3a]2ku3}

< Cluslsy | Viatlas)s—2),20/r—2) | V V|22
< Can,
2
Jg == //Zu;;agUkAhUk
k=1
< Clus|sy|03u]ap| Dnul2,2
< Juglsn | Vul3 3" 105ull, 4 [ Dnul
< Celfy,
where
iz, i
O
bi+£>§b1 2<b <6
al by — 2 =Yl =

Thus we deduce easily that
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If we take the equality in (2.6), then (2.4) implies
Jy < CeL%J (2.7)
Combine (2.2),(2.3),(2.7) and substitute into (2.1), we obtain

J<Cel +C (2.8)

2.2 K <Cel®/P 4 C
Multiply (1.1), by uj and integrate over (¢1,t2) x R?, we obtain

gl + g, =5 [ Zpukakuw W) @)

By the well-known identity

3
—Ap = Z &»uj@jui,

1,j=1

we can write p = p; + py + p3, where the p;’s solve

2
—Apl = Z aiujﬁjui

,j=1

2
—Apg =2 Z 81 (Ugagui) + 83<U3(93U3)
=1

—Apg = u38§3u3
Now (2.9) implies

3 2
1 ) 1
gleke) + gVttt = 35 i > pfd + gla ey

= Zm |uh| (t1) (2.10)



We will estimate the K;’s differently. For K7,

2
K, = 5//Zp1uﬁ8kuk
k=1
< Clpilap u%‘c,dlvhu|p,q
< ClAPayabr2/3) | Uunliead Vit
< C’vhu‘ga,2/(l/b+2/3)|uh|jc,4d‘vhu’p,q
< CIVulsy O IVaul2  lules R g, s VST IVl
< CeJYK* g7
< CleJ7+20 frho
< C€K6 + C€J3(T+20)/(3720)
< CeKS e[ +20)/B3=20) 4 (2.11)

In the sequel, we use Holder inequality, the decomposition of p, Lemma 1.2,
and finally J < CeL% 4 C just proved in the previous subsection. More
precisely, we shall have

1,1, 1 _ 1,1, 1_
atefp = itata =l
w=2 te 3G+ =F+g
l1_1o0,40 1_190_ 0
4c c1 co  4d dy do
lzl—_7_|_i lzl—_T+L
P 2 p1 q 2 q1
and
2 2 3
§+b2—12§ 2<b1<6
§+§Z§ 6 <dy <18

It follows that

C pP1
20 2 4(1—0) 4o 1—7 T _
=0+ -3+ tot3+tg=1

{1—9+2—9+M+4—”+1TT+l:1
ai 1 Cc2

Hence
1
T+ 20> 73—40 (2.12)

If the equality in (2.12) holds, then 7/8 < ¢ <1 and

300(7 + 26) a9 13/2 — 4o
3-20 Y 3_2



is an increasing function of o, attains its minimum 366,/5 at ¢ = 7/8. In
this case we can take as in [4],

9 10 10 18
=3.b=-; ¢ =—,d = —; =10, dy = 10; =3,q1 = —
ay , 01 4701 371 3702 , @2 y D1 »q1 5
7
=1, 0=—-;17=1
8
9 18
a ) 27 C ) ) p 7q 5
Finally (2.11) gives
K, < CeK® + CeL?%/ 1 ¢ (2.13)
For K>,
2
K, = 5 / / > pauidiuy
k=1
< C|p2|a,b|ui|0,d|vhu|p7q
< C|Vp2laayaprisunlieaa Vatlpg
< Clusdsula/104173) [Un]1e.aal Vitlpg
4(1-0 40/3
< Cluglo|Osttlas oy Ul gy 15 el a5 Vitlpg
< CeLK*J
< C€L1+90K40
< CeK® 4 Ce[PUH00)/(3-20) (2.14)
In the sequel, we shall have
1,1, 40-60) , 40 | 1 _
{ s+a1+ o1 +02+p_1
1 1 1 4(1-6) 46 1 _
;+<a—§)+ 4 +—2+5—1
and it is easily deduced that
3+0
g> 21 (2.15)

- 4
if we invoke Lemma 1.2 to verify (2.14). However, if the equality in (2.15)
holds,we have

Ky < CeK® + CeLS0F0)/3=0) < Ce K6 4 Ce[*%/° 4 C (2.16)
Finally for K3, slightly different with K5, we have
K3 < CeKS + CeLSUH0)/B=00) < O 6  Ce[3%/° 4 ¢ (2.17)
Combine (2.13),(2.16),(2.17) and substitute into (2.9),we get
K < CeL™/ 4 ¢ (2.18)



23 L<SC

Multiply (1.1) by —d3;u and integrate over (¢, ;) x R*, we obtain

19, t 5, t
—’ sula|(2) + |Vosu |22 = // Z u;0; uk8§3uk + —‘ sula|(t1)

2
7,k=1

|Osul3](t1)

= —/ 83uj8juk83uk+ 9

= //[,g%%%aW%W]
o

N |33U|2§(t1)

= / 8§jujuk83uk + 53ujuk8§juk]

2
— Z 83uj(9ju383u3 — Z 83U383uk83uk — 83U383U383U3
j=1 k=1

// ]3u3u383u3 + 83uju38 U3+ 2u303Up Oy, + 2u3033u383u3]

’aSUb (t1)
2
Osul?| (¢
Ly Ly 4 [%ullt) ’22‘( 1) (2.19)
Now we estimate Lq, Lo. For L1, it follows that
Ly < C|VVpulaz|un|as|Osulcaq
0/3 o
< CIVVnulsaluly g [0, 5 Vul35705ul?, 4,
< CeJK°L°
S O&LU+00K0
< Cel? + CeK*/@~00=0) (2.20)
where o b . .
{ﬁ@+§+ﬁa+2:?
In order to invoke Lemma 1.2, we shall have
Z4+2>3, 2<h <6
24251 6<h<8
Z14>5 2<di<6

Ne)



Hence it is easy to check
3

If the equality in (2.21) holds, then 1/2 < 6 <1 and

20 20
2—90—0764‘1/2—90

is a decreasing function of #, attains its minimum 2/(3/2 — 6,) at 0 = 1.
Thus (2.20) gives

L < CeL? 4 CeK*/37200) (2.22)
In this case,
1
6 e 1 = -
) J 2
and we can take 8
a2:16,b2:8; C1:§,d1:4

Now we are in a position to estimate Ls.

Ly < |VOsul|ag|us|s,|Ost|as/(s—2) 2r/(r—2)
< Cel? (2.23)

Combine (2.22),(2.23) and substitute into (2.19),we obtain
L < CeK*B720) 1 0 < Ce[P#/BB-20)l 4 ¢ = CeL 4 C
Thus
L<C (2.24)
Now (2.8),(2.24) give
J+LLC (2.25)
The proof is completed.

Remark 2.1. One can easily recover the estimates for J, K as in [4].
But the estimate for L is different in that we exhaust all the possibilities.

Remark 2.2. Through the proof, we use Holder inequality, Young in-
equality freely, in which the only constraint comes from Lemma 1.2. And one
can easily solve the system (2.5) if s,r are given. It is promising that the
methods used here are useful in solving the one component reqularity conjec-
ture, as in Remark 1.2.
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